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Abstract 

In this paper we study the problem of finding a conformal metric with the 
property that the k-th elementary symmetric polynomial of the eigenvalues 
of its Weyl-Schouten tensor is constant. A new conformal invariant involving 
maximal volumes is defined, and this invariant is then used in several cases 
to prove existence of a solution, and compactness of the space of solutions 
(provided the conformal class admits an admissible metric). In particular, the 
problem is completely solved in dimension four, and in dimension three if the 
manifold is not simply connected. 



1 Introduction 

Let (M",(yf) be a smooth, closed Riemannian manifold of dimension n. We denote 
the Riemannian curvature tensor by Riem, the Ricci tensor by Ric, and the scalar 
curvature by R. In addition, the Weyl-Schouten tensor is defined by 



A=- -{Ric-— -Rg). (1.1) 

{n-2)\ 2{n-l) ^ ' 

Note that under the action of 0{n) the curvature tensor can be decomposed as 

Riem = W + AQg, (1.2) 

where W denotes the Weyl curvature tensor, and the Kulkarni-Nomizu product 
[2]. Since the Weyl tensor is conformally invariant, an important consequence of the 
decomposition ()1.2|) is that the tranformation of the Riemannian curvature tensor un- 
der conformal deformations of metric is completely determined by the transformation 
of the symmetric (0, 2)-tensor A. 

In [21], the second author initiated the study of the fully nonlinear equations 
arising from the transformation of A under conformal deformations. More precisely, 
let Qu = e~'^^g denote a conformal metric, and consider the equation 

^l^\9u'Au) = fix), (1.3) 
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where au '■ R" — > R denotes the elementary symmetric polynomial of degree fc, Au 
denotes the Weyl-Schouten tensor with respect to the metric g^, and a\^'^{g~^Ay) 
means (Tki,-) applied to the eigenvalues of the (1, l)-tensor g^^Au obtained by "raising 
an index" of A^. 

To simplify our formulas we usually interpret Au as a bilinear form on the tangent 
space with inner product g (instead of gu)- That is, once we fix a background metric 
g, ai^{Au) means crfc(-) applied to the eigenvalues of the (1, l)-tensor g'^A^. To un- 
derstand the practical effect of this convention, recall that Au is related to A by the 
formula 

Au = A + V'^u + du®du--\Vu\'^g (1.4) 

2 

(see [24J). Consequently, (jl.Hj) is equivalent to 

a]J''{A + V^M + du®du- ]^\S/u\^g) = /(x)e-2". (1.5) 

Note that when k = 1, then ai{g^^A) = trace{A) = 2{n-i) -^- Therefore, ()1.5|) is the 
classical problem of prescribing scalar curvature. This equation is semilinear elliptic; 
however, when k > 1 equation ()1.5|) is fully nonlinear but not necessarily elliptic. 

To explain the ellipticity properties of (jl.5|) . following Carding [9j and Cafarelli- 
Nirenberg-Spruck |lj we let C R" denote the component of {x G R"|(Tfc(x) > 0} 
containing the positive cone {x G R'^jxi > 0, ...,a;„ > 0}. In terms of the cones F^, 
ellipticity can be characterized in the following manner (see [24J): If the eigenvalues 
oi A = Ag are everywhere in F^, and if m is a solution to p.5|) . then u is an elliptic 
solution. This fact is a consequence of the convexity of the cones F^. Following the 
usual practice, we will say that a metric g is k-admissible if the eigenvalues of A = Ag 
are in F^, and we then write g G F^(M"'). 

The general problem of solving p.5|) with f{x) = constant is referred to as the 
ak-Yamabe problem. It will be convenient to normalize the value of this constant, so 
that the round metric on the sphere is a solution (with no need of rescaling): 

al^\A + V\ + du®du- ]^\Vu\''g) = ay'(5")e-2", (1.6) 

where cr^^'^(S'") = al^'^lAo), and Aq is the Weyl-Schouten tensor of the round metric 
on 5". We remark that the associated equation is variational when = 1 or = 2, 
but in general not when k > 2 (see [23 )• 

The variational approach to the classical Yamabe problem lead to the definition 
of the Yamabe invariant Y{M'^, [g]) of a conformal class of metrics: 

y(M", [g]) = inf (t;o/(^))-('^-2)/" / Rgdvolg. (1.7) 

It is a result of Aubin that Y{M^,[g]) < Y{S"',go), where go denotes the round 
metric, and when strict inequality holds, existence and compactness of solutions can 
be easily established (see |18j). Thus, the resolution of the classical Yamabe problem 
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is equivalent to the result, due in some cases to Aubin (^) and in the remaining cases 
to Schoen that equality holds only when the manifold is conformally equivalent 

to the sphere. 

Our first goal in this paper is to define a new conformal invariant associated to 
equation when k > n/2. 

Definition 1. Let {M"',g) be a compact n- dimensional Riemannian manifold. For 
n/2 < k < n we define the fc-maximal volume of [g] by 

A,(M", [g]) = snp{vol{e'''^g)\e-'^g G r+(M") w^th a'J\g-'A^) > a'J\sn}- 

(1.8) 

// [g] does not admit a k-admissible metric, we set A/c(M"', [g]) = +00. 

By recent work of the second author with P. Guan and G. Wang a k- 
admissible metric g with k > n/2 necessarily has positive Ricci curvature. In 
fact, their result is quantative, in the sense that once we make the normalization 
'^k'"'i9~^^9) — '^l^'^i^"') ^ (sharp) lower bound for the Ricci curvature is given (see 
Section 4). Using Bishop's inequality, it follows that the invariant A^ is non-trivial 
when k > n/2: 

Proposition 1.1. // [g] admits a k-admissible metric with k > n/2, then there is a 
constant C = C{n) such that AkiM"', [g]) < C{n). 

When k = n/2 the situation is more complicated. For example, if {M"',g) is 
locally conformally flat {LCF) and n is even, then the integral 

/ an/2ig-'A)dvol (1.9) 

is conformally invariant; see Therefore, if G T^^^^M"') satisfies a'^^^^{g''^ A) > 
a'J;{S-), then 

/ (Tn/2{g'^ A)dvol > an/2{S'')vol{g). 

Consequently, the maximal volume of [g] is finite. In fact, we can say more: since the 
assumption of fc— admissibility with k > n/2 already implies that the Ricci curvature 
is positive, if (M", g) is LCF then by Kuiper's theorem ([17 ) it must be a space form. 
Since the dimension is even, by Synge's theorem {M",g) is conformally equivalent to 
S*" or RP*^. Finally, by Proposition 8 in [25 and the Chern-Gauss-Bonnet formula 
it follows that A„/2(M", [g]) = t;o/(5") or A„/2(M", [g]) = lvol{S'^), depending on 
whether {M^,g) is conformally equivalent to the sphere or projective space. 

In four dimensions the integral p.9|) is always conformally invariant, so the preced- 
ing argument can be applied to show the finiteness of A2(M^, [g]) for any conformal 
four- manifold which admits a 2-admissible metric (see Theorem II .41 below for a sharp 
version of this result). In general, however, it is unclear whether A„/2 is finite. 

In analogy with the classical Yamabe problem, when our invariant is strictly less 
than the value obtained by the round metric on the sphere we obtain existence of 
solutions to p.6|) : 
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Theorem 1.1. Let (M", g) be a closed n- dimensional Riemannian manifold satisfying 

Kk{M\[g])<vol{S^), (1.10) 

where vol{S^) denotes the volume of the round sphere. Then [g] admits a solution 
gu = e~'^^g of 111.6]) . Furthermore, the set of solutions of / ti.6|) is compact in the 
C"^ -topology for any m > 0. 

Despite the paraUels with the Yamabe problem, Theorem 11.11 can only be consid- 
ered satisfying if the condition p.lO|) is known to be sharp. Although we conjecture 
this to be the case in general, we can only substantiate it in dimensions three and 
four. In each case the techniques for proving sharp estimates of Afc(M", [g]) are quite 
different in spirit. 

In three dimensions our estimate follows from the volume comparison theorem of 
Bray We will give a precise statement of his result later; for now we simply 

state the consequence for our invariant. 

Theorem 1.2. Let {M^,g) be a closed Riemannian three-manifold, and assume [g] 
admits a k-admissible metric with k = 2 or 3. Then 

A,{MMg])<vol{S'). (1.11) 

The proof of this result allows an important refinement of inequality (jl.lll) . As 
a consequence, we are able to verify the assumptions of Thorem 11.11 whenever is 
not simply connected: 

Theorem 1.3. Let {M^,g) be a closed Riemannian three-manifold, and assume [g] 
admits a k-admissible metric with k = 2 or 3. Let 7ii{M^) denote the fundamental 
group of . Then 

AkiM\ [g]) < ^^^t^. (1.12) 

Corollary 1.1. Let {M^,g) be a closed, non-simply connected Riemannian three- 
manifold. If g is k-admissible with k = 2 or 3, then [g] admits a solution gu = e~^"(7 
of / li.6|) . Furthermore, the set of solutions of / li.6|) is compact in the C"^ -topology for 
any m > 0. 

In four dimensions, our estimates of A^ follow from the sharp integral estimate 
for o"2(A) due to the first author ([Hj). 

Theorem 1.4. Let {M'^.,g) be a closed Riemannian four-manifold, and assume [g] 
admits a k-admissible metric with 2 < k < 4. Then 

AkiM\[g])<voliS^). (1.13) 

Furthermore, equality holds in il.l^J]) if and only if{M'^,g) is conformally equivalent 
to the round sphere. 
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Corollary 1.2. Let {M^,g) be a closed Riemannian four-manifold, and assume g is 
a k-admissible metric with 2 < k < 4. Then [g] admits a solution gu = e~'^^g of M.d\) . 
Furthermore, if [M'^^g) is not conformally equivalent to the round sphere, then the 
set of solutions of il.f^} is compact in the C"^ -topology for any m > 0. 

When k = 2 the result of Corollarv ll.2l was established in . Combining Corollary 
1 1.21 with the four-dimensional solution of the Yamabe problem [21], it follows that the 
cTfc -Yamabe problem is completely solved in four dimensions. 

Similar to the three-dimensional case, if we impose certain topological condi- 
tions then inequality p.lH|l can be sharpened. Since the work of Viaclovsky-Guan- 
Wang cited above shows that a fc-admissible metric with k > n/2 has positive Ricci 
curvature, by the classical Bochner theorem the first de Rham cohomology group 
H^{M'^) = 0. On the other hand, if the second de Rham cohomology group is non- 
trivial, then the L^-estimates of the Weyl curvature tensor in JH] can be used to 
give sharp estimates of the maximal volume. To state this result, let {resp., b^) 
denote the dimension of the largest subspace of H'^{M'^) on which the intersection 
form is positive {resp., negative) definite. Let denote the Euler characteristic 

and t{M'^) = b'^ — b~ the signature of M^. 

Theorem 1.5. Let be a smooth, compact, orientable four-manifold with b^ > 0. 
If g eVl with 2<k<4:, then 

A.(M^ [g]) < ^n' (2x(M^) + 3r(M^)) . (1.14) 

In particular, if 2x{M^) + 3r(M4) < 12, then Ak{M\ [g]) < vol{S^) = fTr^. 

Furthermore, equality holds if and only if [g] admits a (positive) Kdhler- Einstein 
metric which attains the maximal volume. In this case, is diffeomorphic to either 

X S^, CP^ or Cp2#m(-Cp2) with 3 < m < 8. 

In higher dimensions we do not have a sharp estimate of our invariant. However, 
the proof of Theorem 11.31 can be adapted to give the following result: 

Theorem 1.6. There is a number N, depending only on k and n, with the following 
property: if M"' is a closed n-dimensional manifold whose fundamental group satisfies 
||7ri(M")|| > N{k,n), then any k-admissible metric g satisfies Afc(M", [g]) < vol{S"'). 

There has been a considerable amount of recent activity devoted to the study of 
(0|1 with k > 1 (see 0,0,171, [11], [12], [201, [E], E2|, [23, [23)- With a few notable 
exceptions, most of these works consider the case where the background metric is 
/c-admissible. 

In [26j, the second author established global a priori C^- and C^-estimates for k- 
admissible solutions which depend on C°-estimates. Since fjl.5|) is a convex function 
of the eigenvalues of A^, the work of Evans and Krylov ([S], JEj) give C^'" bounds 
once bounds are known. Consequently, one can derive estimates of all orders from 
classical elliptic regularity, provided C°- bounds are known. 

Subsequently, Guan and Wang ( 12 ) proved local versions of these estimates which 
only depend on a lower bound for solutions. Their estimates will figure prominently 
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in our analysis. Recently, Li and Li ([20]) proved Harnack estimates for solutions of 
()1.5|) . and a classification result for entire solutions on R". Their classification result 
will also be used in the proof of Theorem 11.11 

For global estimates the result of ([26]) is optimal: since (jl.Hj] is invariant under the 
action of the conformal group, a priori C°-bounds may fail for the usual reason (i.e., 
the conformal group of the round sphere). Some results have managed to distinguish 
the case of the sphere, thereby giving bounds when the manifold is not conformally 
equivalent to S^. For example, pi proved the existence of solutions to p.5|) when 
k = 2 and g is 2-admissible, for any function f{x), provided (M*^, g) is not conformally 
equivalent to the sphere. In the second author studied the case k = n, and defined 
another conformal invariant associated to admissible metrics. When this invariant is 
below a certain value, one can establish C°-estimates. Using this fact he proved the 
existence of solutions to p.6|) on a large class of conformal manifolds. 

When {M^,g) is locally conformally flat and fc-admissible, the article ^U] gives 
a compactness result for solutions of (|1.5p for any A; > 1, assuming {M^,g) is not 
conformally equivalent to the sphere. Guan and Wang ( JI]) used a parabolic version 
of ()1.6|) to prove global existence (in time) of solutions and convergence to a solution 
of ()1.6|) . As we observed above, the assumption of LCF and fc— admissibility with 
k >n/2 implies that {M"',g) is conformally equivalent to a space form. 

We conclude the introduction with an outline of the paper. In Section 2 we lay 
the groundwork for solving ()1.5j) by introducing a one-parameter family of auxilary 
equations. This requires us to establish various a priori estimates, which are con- 
tained in Sections 2 and 3. These estimates allow us to apply the degree theory for 
fully nonlinear equations developed by Li ( 21 ) to prove the existence of solutions 
when Afc(M", [g]) < ^0/(5""). Finally, in Section 4 we prove some estimates for the 
conformal invariant Afc(M", [g]). 

1.1 Acknowledgements 

The authors are especially grateful to Hugh Bray for bringing to our attention the 
volume comparison theorem in his thesis. We also benefitted on several occasions 
from discussions with Pengfei Guan and Yanyan Li. 

2 The auxilary equation: local estimates 

Let M" be a closed n-dimensional manifold, and suppose g G r^(M"). By rescaling, 
we assume that g has unit volume. Consider the equation 



/ 



) 



2 

n + 1 



al {\kg + V^M + du® du 



S/u\^g) 



e 



(2.1) 



where is given by 




(2.2) 
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This choice of imphes <7k{\kg) = 1- Consequently, m = is a solution of ()2.1|) . 
Lemma 2.1. u = is the unique solution of \2.1\) . 

Proof. This follows from the maximum principle, as explained in Proposition 5 of 
PE] . Suppose M is a solution of ()2.H) . At a point Xq where u attains its maximum, 
V'^u{xq) is negative semi-definite and dui^xo) = 0, so ()2.1|1 implies 



2 

-{n+l)u \ _ 



= 1. 



2 

n + 1 



(^]!^{.^kg + V^M + du® du — ^\Vu\^g) 

l/k 



1 in — 2) 



(2.3) 



Applying a similar argument at the minimum of u we find 

2 

e-(n+i)Hj > 1. (2.4) 

Therefore, 

(^j e-("+i)"^ = 1. (2.5) 
By the Newton-Maclaurin inequality, 

,-(n+l)u 



1 fn\ ' 1 
<-Ll ai{\kg + V^u + du(^du- -\Vu\'^g) (2.6) 



^i+i(:)V-^^,v.p). 

Then the maximum principle implies u is a constant, and ()2.5p forces ti = 0. □ 
For the next Lemma, define the operator 

2 

^u] = crl^\\kg + V\ + du®du- ^\Vu\^g) - (^j e-("+^)"^ . (2.7) 

By Lemma f2. 11 = is the unique solution of 

^K]=0. (2.8) 
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Let C-uo[h\ = ^^[^^0 + s/i]|s=o denote the linearization of ^[-j at the solution u = uq. 
Then 

CuM=lk,n^h + 2 j h, (2.9) 

where 7^^^ = (nAfc)"^ 

Lemma 2.2. Cuq '■ C^'" — > is invertible. 

Proof. Given / G let hi be the unique solution of 

^k,nAh=f-f (2.10) 

satisfying 

hi = 0, (2.11) 

where bars denote the mean value (recall the background metric has unit volume). If 
we take h = hi + \f, then by dTTTIll and (ITTT1) 



= -fk,nAhi + 2 j {hi + ]^f 

=f-f+f 
= /■ 

Using the maximum priciple, it is easy to see that h is in fact the unique solution of 
jCuo[h]=f. □ 

We now introduce a one-parameter family of equations connecting equation p.6p 
with equation ()2.1|) . For t G [0, 1], consider 

aj/'' (^\k{l - ^{t))g + ilj{t)A + V^u + du®du- ]^\Vu\'^g^ 



1 _ t) ( / e-("+i)" ) + ^(t)ay'^(5")e-2- 



(2.12) 



where ipit) G ^^[0,1] satisfies < ^{t) < 1,4j{0) = 0, and tp{t) = 1 for t > i. 
From the properties of ip{t) we see that if m is a solution of ()2.12j) with t > |, then 
(^k\A^) > a;^''(5")e-2". Therefore, 

Afc(M", [g]) > sup{t;o/(^„)|u satisfies ^TWf with t > ^}. (2.13) 

Since fj2.12|) admits a unique solution when t = 0, we would like to use a degree 
theoretic argument to show that it also admits a solution when t = 1. The degree 
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theory developed by Li (|2I]) for second order fully nonlinear equations provides a 
framework for this approach. We will explain the details in Section 3, but it may help 
the reader to appreciate the estimates of this section if we first provide an overview 
of our plan. 

The first step is to compute the Leray-Schauder degree of the solution m = of 
()2.1|) . By Lemmas 12.11 and 12.21 this degree is non-zero. The next step is to appeal to 
the homotopy invariance of the degree to conclude that ()2.12|) has a solution when 
t = 1. To justify this, however, we need to establish a priori bounds for solutions of 
()2.12|1 . As we shall see, when t < 1 the integral term in ()2.12j) imposes L°°-bounds on 
solutions. By the a priori C^- and C^-estimates of |2^ , along with the aforementioned 
results of Krylov and Evans 8], such L°°-bounds will imply bounds on derivatives 
of all orders. 

The conformal invariance of equation ()2.12j) when t = 1 leads to predictable 
difficulties when deriving estimates with t close to 1. As t ^ 1, we need to use 
a standard blow-up procedure in order to show that the assumption Afc(M", [g]) < 
vol{S'^) imposes L°°-bounds on solutions. The classification of solutions of p.6|) on 
Euclidean space Li and Li ([19 ) will be important in this respect. 

With this overview in mind, we begin with a basic estimate for solutions of ()2.12j) 
with if: < 1. 

Theorem 2.1. For any fixed < 5 < 1, there is a constant C = C{5,g) such that 
any solution of ^EUB) with t E [0,1 — 6] satisfies 



Proof. The proof of this estimate is divided into a few intermediate steps, starting 
with an estimate on the minimum of solutions. 

Proposition 2.1. If u is a solution of 112. 1^) with t E [0, 1 — 6], then there is a 
constant C = C{6,g) such that 



Proof. This Proposition is essentially a corollary of the e-regularity result for solutions 
of (jl.3p due to Guan and Wang ([I2])- However, (jl.3|) and (j2.12|) differ by a constant 
term; thus we need to clarify some estimates to show that their argument still works. 
We begin by noting that the integral in ()2.12|) is uniformly bounded for t < 1 ~ S. 

Lemma 2.3. Let u be a solution of with t G [0, 1). Then there is a constant 

C = C{g) such that 



Proof. To see this we apply the maximum principle once again: At a point Xq where 
u attains its maximum, V^m(xo) is negative semi-definite and du{xo) = 0, so ()2.12p 



(2.14) 



minw > C. 



(2.15) 




(2.16) 
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implies 



(1 - t) ( / e-("+^)" ) < (1 - t) ( / e-("+^)" ) + 7/;(t)a;/'^(^")e-2"("«) 



= aj/' (Afc(l - ij{t))g + ^{t)A{xo) + VM^o)) 
< C. 

This proves the Lemma. □ 

Corollary 2.1. Let u be a solution of 112. 1^) with t < 1—6. Then there is a constant 
C = C{6,g) such that 

g-(n+l)n < ^ ^2.17) 

We now turn to the proof of ()2.15p . arguing by contradiction. Suppose to the 
contrary we have a sequence {uj} of solutions of ()2.12|) with t = tj < 1 — 6, and that 
minuj —>■ —oo. At a point Zj where Uj attains its minimum let expz '■ -8(0, to/2) C 
Tz-M"' ^ R" — > M" denote the exponential map, where Lq is the injectivity radius of 
{M^,g). Let ej satisfy loge^ = minw^ = Uj{zj), and define 

Tj{x) = exp^^{ejx), 
Qj = e, I.:g, 

(2 18) 

= {T*Uj){x) -logej 

= Uj{expz^{ejx)) - logej. 

Then each Uj is defined on B(0, C R" and satisfies Uj{x) > 0,'Uj(0) = 0. In 

addition, since Uj satisfies ()2.12|) . uj satisfies 



2 

n + 1 



(2.19) 



where Aj = Ag^, and the covariant derivatives in ()2.19j) are with respect to gj. Note 
that gj converges to the Euclidean metric ds"^ on compact sets in the C"^- topology, 
for any m > 1. 

Next we claim that for any p > 1, there is a constant C = C{p,g) such that 

max |Vm,P < C. (2.20) 

This estimate is a consequence of the local C^-estimate of Guan and Wang: 
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Lemma 2.4. (See Proposition 2) Let u & he an admissible solution of 

F{u) = al^^A + V\ + du®du- ]^\Vu\'^g) = /(x)e-2" (2.21) 

on 5(0, 2p), where p > 0. Then there is a constant C{k, n, p, ||fi'||c3(B(o,p))) ll/llc3(B(o,p))y 
such that 



Vu\'{x) < C{1 + e-'"^*^'".") ") (2.22) 



for allx E 5(0, p/2). 

In our case, Uj satisfies 



2 

n + 1 



F{u,) = 6^(1 - t,) e-^"-^^^"^ J + ^{t.ynsne-'-^. (2.23) 

If we imitate the proof of fT^, the only necessary changes appear in the estimates of 
inequality (13) of Proposition 2 in More specifically, Guan and Wang estimate 
the term 

5^F,n, = 5^e-2"(M,-2/nf) 
/ I (2.24) 

> -C(l + e-2-)|Vup, 

where the subscript / denotes Since our definition of F differs only by a constant 
term, we can literally copy their argument to obtain the same estimate for uj: 

max I Vttjl^ < C(p, (7, min-Uj). (2.25) 

Of course, in our case Uj >0, and so ()2.20j) follows. 

Combining the gradient bound (j2.20|) with the condition Uj{0) = we see that 

min e^' > C(g) > 0. (2.26) 

On the other hand, pulling back to M" by T^^^ and using the integral bound ()2.17p 
we have 

e-i^+^)^^dvolg^ = ej [ e-^'^+^^^'^dvolg 

■6(0,1) ^ JB{zj,tj) 



as J oo. Since this contradicts (|2.26|) . we see that the sequence {uj} must be 
bounded from below. □ 

Proposition 2.2. If u is a solution of i2.1^} with t < 1 — 6, then there is a constant 
C = C{6,g) such that 

maxu<C. (2.27) 
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Proof. As we explained in the proof of Theorem 12.11 the locahzed gradient estimate 
of Guan and Wang can be adapted to equation ()2.12p . giving the bound 

max I Vm| < C(1 + e'^") < C{6, g). (2.28) 

This immediately implies the Harnack inequality 

max M < min -u + C. (2.29) 

The upper bound ()2.27|) will be a consequence of the following Lemma: 

Lemma 2.5. If u is a solution of with t G [0,1], then there is a constant 

C = C{g) such that 

minu<C. (2.30) 
Proof. Let xq be a point at which u atttains its minimum. Then 

At Xq, V^u{xq) is positive semi-definite and du{xo) = 0. Therefore, 

2 

{l-t)( [ e-("+^)"^ +^(t)a;/'^(5")e-2"("°) 



a'J" (Afc(l - m)9 + mM^o) + "^M^o)) 



(2.32) 



Since 0"^ : — > R is a concave function (see [2^1 , Proposition 1), 

a'J' (A,(l - m)9 + mM^o)) > al^' (A.(l - m)9) + ^'J' imM^o)) 

= (l_^(t))+^(t)af (A(xo)) (2.33) 
> C{g) > 0. 

Combining (IT!rC|l . and we find 

which implies (I2.30|) . □ 

To complete the proof of Theorem 12.11 we appeal to the global a priori estimates 
of (see Propositions 6 and 8): If m is a solution of ()2.12j) with < t < 1 — 6, then 

||Vn||oo + ||V^n||oo < C'(||m||oo) 

As explained in the introduction, the work of Evans ([8 ) and Krylov (T^) now give 
bounds on the Holder norms of the second derivatives of u. Hence, the estimate (j2.14j) 
follows from classical elliptic regularity. □ 

□ 
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3 Global estimates and existence 



Having established estimates for solutions of ()2.12|1 when t is bounded away from 
1, we now study what happens as t — > 1. As the title of this section indicates, the 
analysis of this case depends on global invariants of the manifold-namely, A^-rather 
than /oca/ properties of the equation ()2.12|) . 

Theorem 3.1. Suppose Afc(M", [(?]) < vol{S^). If u is a solution of 112. 1^) with 
t G [0, 1], then there is a constant C = C{g) such that 



Proof. Like the proof of Theorem 12 .11 we use a blow-up argument. However, since the 
integral bound ()2.17|) degenerates as t — 1 we can no longer rely on an e-regularity 
result. This is to be expected, given the phenomenon of bubbling. In any case, we 
still begin with an estimate of the lower bound of u. 

Proposition 3.1. There is constant C = C{g) such that 



Proof. Once again, we argue by contradiction: Suppose to the contrary we have a 



denote the exponential map, where Lq is the injectivity radius of {M"',g). As before, 
let ej satisfy loge^ = min Uj = Uj{zj), and define 



M||(74,a < C. 



(3.1) 



minu > —C. 



(3.2) 




— oo. At a 




expzj{ejx), 




(3.3) 



Uj{X 



Uj{expz^{ejx)) - logej. 



Then each Uj is defined on -8(0, e^- C R" and satisfies Uj{x) > 0,Uj{0) = 0. In 

addition, by uj satisfies ^TH^ : 




Note that by Lemma 12. 3| as j — cxd the integral term above goes to zero: 



2 




0. 
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The localized estimate of Guan and Wang ( implies that for any p > 1, there 
is a constant C = C{p, g) such that 

max iVuof < C. (3.5) 

B(0,p) 

Combining this gradient bound with the condition nj(0) = we see that 

max(|M,| + |Vm,-|) < Cip), (3.6) 

B(0,p) 

for any p > 1. With this estimate we can appeal to the local C^-estimates of Guan 
and Wang ([12j, Proposition 3). Once again, our equation is slightly different, but 
this time (in light of the C^-estimates for Uj) the required modifications are minor. 
We will omit the details. As a consequence, on any ball B{0,p), Uj satisfies 

max(|M.| + |V£t,-| + IV^m.I) < C(p). (3.7) 
B(0,p) J' ' ' J" 

It follows from the work of Evans and Krylov that one obtains C^'"-estimates for uj 
on any fixed ball, and consequently {uj} converges uniformly in the C^'"-topology on 
compact sets to a solution u of 

al^\v\ + du®du- ]^\Vu\'g) = a;/'^(5")e-'". (3.8) 

The aforementioned regularity results imply that u G C°°. 

By the classification result of Li and Li (TH], all solutions of ()3.8p are obtained 
by pulling back the round metric on the sphere (and its images under conformal 
diffeomorphisms) via stereographic projection. In particular, 

vol{e-^''ds^) = voliS""). (3.9) 

Lemma 3.1. 

liminf wo/(e-2"i^) > i;o/(5"). (3.10) 

j 

Proof. Given > 0, fix a large ball B = B{0, po) C R" such that 

/ e-''^'dvolg. > vol{S") - f] (3.11) 
Jb ^ 

for all j > J. Pulling back to M" by T~^, we have 

vol{e-^''^g) = I e-''''^dvolg > I e-'^^'^dvolg 

J J B(zi .eiOn) 



B(zj,ejpo) 

e-^'^^dvolg. 

B ^ 



(3.12) 



> t;o/(5") - 7]. 

This proves the Lemma. □ 
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By equation ()2.12|) . for t> \,Uj satisfies 

al'\A + V\- + duj ® duj - ^\Vuj\^g) > aJ/'(5")e-2"^ (3.13) 
Therefore, gj = e~'^^^g satisfies 

4^\9;'A^^) > afiS-). (3.14) 

From Lemma im we conclude Afc(M", [g]) = vol{S"'), which is a contradiction. There- 
fore, the sequence {uj} is bounded below, as claimed. □ 

To complete the proof of the theorem, we may argue exactly as in the proof of 
Theorem 12.11 Namely, the localized C^-estimate of Guan and Wang together with 
the lower bound ()3.2|) implies a gradient bound for u, and consequently the Harnack 
inequality (j2.29j) . We may then apply Lemma [2.51 to conclude that u has an a priori 
upper bound. Higher order estimates follow, just as we described at the end of the 
proof of Theorem 12.11 □ 

The preceding blow-up argument can be applied, with only minor modifications, 
to prove the compactness of solutions of ()l.(j|l . The details will be omitted. 

To establish existence, we apply the degree theory for fully nonlinear equations 
as developed in In Section 2 we showed that the Leray-Schauder degree of 

a solution of ()2.12p at t = is nonzero. We remark that equation ()2.12|) differs 
from that considered in [21] only by the presence of the integral term. From the 
compactness established in Theorem 12. 11 this integral term is bounded. Furthermore, 
the proof in |2I] relies on differentiating the equation. Since the integral term is a 
constant, the definition of degree and proof of invariance of degree under homotopy 
are valid for equation ()2.12p . We conclude that the Leray-Schauder degree at t = 1 
(with respect to a sufficiently large ball in C^'") is nonzero, and consequently there 
exists a solution at t = 1. 



4 Sharp estimates for A^^ 

In this section we prove various estimates for the conformal invariant A^,. We begin 
by describing some general properties which are independent of the dimension, then 
consider the cases n = 3 and n = 4 separately. 

A basic tool in many of our results is the Newton- Maclaurin inequality (see [13]): 
if (Ai, A„) G and k > j, then 

[I) ay^A„...,A„)< Qj af (Ai,...,A„). 

This implies 

Lemma 4.1. If g e F^(M") and j < k, then 

A,{M\[g])>Ak{M\[g]). (4.1) 
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As a conseqeunce of this Lemma, in order to estimate with k > n/2ii typically 
suffices to estimate Aj, where j = [|] + 1. 

The proof of Proposition ITTTl The proof is based on the sharp inequality of Guan, 
Viaclovsky, and Wang ([lilj): If (? G r^(M") with k > n/2, then the Ricci tensor 
satisfies 

(2k -n) , , 

where R is the scalar curvature of g. The finiteness of Ak{M^, [g]) will follow from 
a lower bound for the scalar curvature and the Bishop Comparison Theorem, as we 
now explain. 

First, by the Newton-MacLaurin inequality 

al^\9-'A) < - (^^j Mg-'A) = c{k, n)R. (4.3) 

If g satisfies 

al'\g-'A)>a'J\S-l (4.4) 
then combining (|4.3|) and (j4.4j) we have 

R>c{k,n)~^a]J^{S'') > 0. 
Substituting this into (|4.2p gives 



Ric > 



{2k - n 
2n{k 



Since n/2 < k < n, we obtain a lower bound for Ric which only depends on the 
dimension: 

Ric > c{n)g. 

By Myer's theorem, the diameter of g is bounded by a constant C = C{n): 

diam{M'',g) < C. 

In addition, by the Bishop comparison theorem the positivity of the Ricci curvature 
implies the volume of a geodesic ball of radius pin g is bounded by vol{B{p)) < CnP"'- 
This fact, combined with the diameter estimate above, implies that vol{M^, g) < 
C{n). Thus, 

ku{M-M)<C{n). 

This completes the proof. 



16 



4.1 n = 3 



We now turn to three dimensions, where the sharp estimates of are based on the 
following result of H. Bray ([3]): 

Theorem 4.1 (Bray's Football Theorem). Let (5^,(70) be the constant curvature 
metric on with scalar curvature Rq, Ricci tensor Ricogo, and volume Vq. If t & 
(0, 1] and (M^, g) is any complete smooth Riemannian manifold of volume V satisfying 

Rig) > Ro, (4.5) 



then 



where 



Ric{g) > eRicog, (4.6) 



V < a{e)Vo, (4.7) 



1 f jQ^"\3Qn-27{l-e)yiz)l ~9ex"^)-idx 
a(e) = sup \ i 121 

^<.<4. V + X;(,)(367r - 18(1 - e)y{z)x-i - dx'^y^dx 



where 



y{z) - 



2(1 -e) 

Furthermore, this expression for a{t) is sharp. 

When e = 1, the lower bound on the scalar curvature ()4.5p follows from the lower 
bound on the Ricci curvature ()4.6p . and the result is equivalent to Bishop's inequality. 
Now define 



eo = inf{eG(0,l]|«(e) = l}. 

Bray's theorem is remarkable precisely because eg < 1. Although Bray claimed this 
fact in his thesis, he did not include the proof. However, he did provide compelling 
numerical evidence suggesting eo = 0.134... This value of eo corresponds to a rota- 
tionally symmetric manifold resembling a football; thus the name. In any case, there 
are currently no rigorous estimates of eo from above. 

For our purposes we need to know that cq ^ 0.5. To see why, suppose g G r^(M^) 
satisfies 

<yl'\g-'A) > al^\g,'Ao). (4.8) 
Then the Newton-Maclaurin inequality implies 

R > Ro. (4.9) 
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In addition, by inequality ()4.2|) . 



R^c{g) > \Rg 



> \Ro9 (4.10) 
= ^Ricog. 

Therefore, if eo < |, from Bray's theorem we would conclude 

4^\9^'A) > al^^g.'A,) ^ ^;o/(M^^) < voliS'). (4.11) 

Consequently, 

A2{M\[g])<vol{S'), 

and Theorem 11.21 would follow. 

A similar argument can be used to prove inequality (jl.l2p . again provided < |. 
Under the assumptions of Theorem 11.31 we know from inequality ()4.2j) that g has 
positive Ricci curvature. By Meyer's theorem the fundamental group of is finite. 
If we let denote the universal cover of M^, then is compact and the volume 
of and are related by 

voliM\~g) = \\7Ti{M^)\\vol{M\g), (4.12) 

where g denotes the lift of g to M^. Applying the volume estimate ()4.11|) to the cover 
{M^,g) and using ()4.12p . we arrive at ()1.12|) . A similar argument can be used to 
prove Theorem 11.61 

The main result of this subsection is a rigorous proof of the inequality eo < |. 
Before providing the details of this estimate, however, it may be helpful to sketch an 
outline of Bray's proof. 

Given a real number V > 0, define 

A{V) = ini{area{dn)\vol{n) = V}, (4.13) 

where fl is any region in M^, vol{Q) is the volume of Q, and area{dfl) is the 2- 
dimensional surface area of the boundary. Since is compact, there always exists 
a smooth region whose boundary S(l^) attains the infimum A{V). Of course, S(V") 
will necessarily have constant mean curvature. 

For a fixed value ^ = Vq we consider a normal variation of S(Vo), parametrized 
by the volume V. Let Avo(V) denote the area of this variation, and primes denote 
differentiation with respect to V. Then 74y^(\^) = H, where H is the mean curvature 
of S(Vo), and 

Av.o(K))X(^o) = / hlinf -i?zc(z/,z/)], (4.14) 
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where 11 is the second fundamental form of S(Vo) and z/ is a unit normal. From 
inequality ()4.6|) and 

||nf > ]^H\ (4.15) 

we conclude 

< -J^) (^^'^o(^o)' + emco^ . (4.16) 

Since T,Vo(y) may not attain the infimum in ()4.1Hj) . A{V) < AvoiV). Thus, A{V) 
satisfies 

A"{v) < [l^'iyy + ^^^co) . (4.17) 

By the Gauss equation, 

mc{u,u) = ^-R-K+^-H'-^-\\U\\\ 
where K is the Gauss curvature of S(Vo). Substituting this into (|4.14|) gives 

^Vo(H)X(^o)= / [-iR + K-ln' + hun (4.18) 

As Bray points out, the postivity of the Ricci curvature implies that S(Vo) is con- 
nected. Thus, applying the Gauss-Bonnet formula and appealing to inequalities ()4.9|) 
and ()4.15|1 we get 

As before, since Aiy^ < Avq(V) we have 
Next, let 

F{V) = A{Vf\ (4.21) 

By (HT7I) and KM . F satisfies 

F"(\/) < -|fficoF(\/)-^ (4.22) 
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Of course, one needs to properly interpret the sense in which these inequahties hold; 
see ([3]) for precise notions. 

Combining ()4.22jl and ()4.23|1 . we have 



F"(V) < --F-"^ max{-^^^^ — ^^^^ + -i?o, 3ei?zco}. (4.24) 

Consider the phase space associated to this differential inequality, which we view 
as the xy-p\a.iae with x = F{V) and y = F'iV). Let 7 be a path in phase space with 
intial value ^ = and terminal value V = ^vol{M^,g). Then 7 starts at a point on 
the (positive) y-axis and ends at a point on the (positive) x-axis. By (I4.24j) this path 
must satisfy the differential inequality 

dy 111 r (367r — y^) 3 ^ , , 

/ < -T^^-^y' max{-^ ^ + -Ro, SeRiCo}. (4.25) 

ax Z 3x3 z 



Also, 



lvol{M\g)= [dV= [-. (4.26) 

2 y 



A path which maximizes the line integral ()4.26|1 will be a path which attains equality 
in ()4.25|) . This results in an ODE which can be explicitly solved, and by evaluating 
the line integral for this path one obtains an upper estimate on the volume as in ()4.7p . 
With this brief overview in mind, we now give an estimate of eo. 

Theorem 4.2. The constant eg < |. 

Proof. According to Bray's theorem, it suffices to show that a;(|) = 1; i.e., that 

1 / /f)(36vr-f,(.)§-|x§)-irfx\ 
sup — ^ ^§ 1 2 1=1, (4.27) 

27r<2<47r TT ^ -\- J^^_^^[36'K — 9y{z)x~ 3 — 9x3)^2 dx J 



where 



To this end, let 



y = y[z) = Z2{471 - Z). (4.28) 



y 27 2 9 2, 



h{z) = — / (367r - —y-3 - -x-3)-^dx, (4.29) 
7^ Jo 2 2 

3 

1 /'■^^ 1 2 1 

l2{z) = — (367r - 9yx-^3 _ 9x^3)~idx. (4.30) 

Jy 

We want to show that for z G [2tt, 4tt], 

h{z)+l2iz)<l. (4.31) 
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The first integral in ()4.31|) can be evaluated in closed form. The second integral 
can be expressed in terms of elliptic functions, though the resulting formula seems 
difficult to estimate. Instead of this approach, we will perform a change of variable 
and approximate the new integrand by one which can also be evaluated in closed 
form. It turns out to be much easier estimating both integrals in terms of this new 
variable; for this reason we begin by analyzing /2, where the substitution originates. 
Let X = t^; then 



1 r'^^ 1 
l2 = — I [367r - 9yt-^ - 9t'^]-H^t'^)dt 



tidt 



2 / 1 



5 a/ 47rt — y — 
Note that the denominator factors: 

Ant-y-t^ = {z^2 - t){t^ + z^t - (47r - z)). 

Therefore, 



l2 = ^ 



1 tidt 



IT 



2 / 1 



{z2 - t)(t2 + Z2t - {Ait - z)) 
Now perform another change of variable: let s = tz~^; then 

Let ip = yh-^2. By (jOHl), 



z s^ds 



(4.32) 



= (^^), (4.33) 



z 



An 

z = -— ^. (4.34) 

Therefore, 

/4 1 s^ds 

Since z is a decreasing function of ip, we can change variables and view Ji and I2 as 
functions of if (instead of z). Note that 27i < z < An, while < ip < 1. 
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By doing a simple substitution the first integral can be evaluated in closed form: 



I fy 27 2 9 2 _i 

^l(^) = — / (367r - y?/3 _ -a;3) 2dx 



^ Jo 



V2 , 5 



arcsm 




2yz\J2-n -yi 
Stt — 3?/i 



(4.36) 



In order to rewrite ()4.36|) in terms of we neeed to first express y in terms of ip. By 
Km and (jOljl . 



2/ 



(47r)2y}^ 



(4.37) 



(1 + ^3)^ 

Substituting this into ()4.36p and carrying out the obvious simplifications, the result 
is 



^l(^) = (-)(T— 9 
TT 1 + 99'^ 2 



(2 + 2i/ - 3(^9^) arcsin 



- (2 + 2(^^ -4y?^)2y? 



(2 + 2(/?3 _ 3y,2 



(4.38) 



To establish the inequality 

h{^) + h{v) < 1 for [0,1] 



(4.39) 



we divide the interval [0, 1] into two parts. This division, or something like it, seems 
necessary, since the contribution of the two integrals in the sum above is different for 
ip near and (p near 1. More precisely, —>■ and l2{<p) —>■ 1 as ip 0, while 

h{^) 1/v^ and J2(<^) ^0 as (/? ^ 1. Therefore, in the subsections which follow 
we derive our estimates first on the interval [0, |], then on [|, 1]. 



4.1.1 Estimate from to | 

We begin with an estimate of Ji: 
Proposition 4.1. For ip E [0, |], 



h < (-)(: 



Proof. The proof relies on a sharp estimate of the arcsin term in ()4.38p . 
Lemma 4.2. If (3 e (0, 1], then for x G [0, (3] 



arcsin x < x + mx 



(4.40) 



where 



m 



f arcsin (3 — (3 

V J' 
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Proof. This is equivalent to the inequahty 

9 < sin 9 + m sin^ 9, 9 & [0, arcsin /3] . 

Let f{9) = sin 6' + msin^6' - 9. We want to see that f{9) > for 6* G [0, arcsin /?]. 
Note that /(O) = 0, /(arcsin /3) = 0. Thus, to show that f{9) > it suffices to show 
that {i)f{9) > for ^ > small, and {ii)f' has exactly one zero in the open interval 
(0, arcsin Of course, since /(O) = /(arcsin /3) = Rolle's theorem guarantees that 
f'i^o) = for some 6*0 G (0, arcsin 

If we write out the Taylor expansion of / near zero, 

f(9) = im-]:)9' + Oi9'). 
o 

Thus, if we can show that m > | then (i) will follow. To this end, define another 
function h{P) = arcsin/? — P — Then 

It is easy to see that h\l3) > for /5 G (0, 1): just differentiate again and use the fact 
that h'{Q) = 0. Thus, h{P) > h{0) = for /3 G (0, 1), which implies m > |. 
To prove {ii), note f'{9) = (1 + 3m) cos9 — 3mcos'^ 9 — 1. Let 

p{z) = (1 + 3m)z — Smz"^ — L 

If we can show that p has exactly one zero in the interval (cos(arcsin /?),!) = (^1 — /S^, 1), 
then (a) will follow. Let zq = cos 6^0; then p{zq) = 0. Also, p{l) = 0. Thus, p has two 
zeros in the closed interval — 1]: Zq & (a/1 — (3^, 1), and Zi = 1. Since p is a 
cubic polynomial, it must have a third zero Z2. But notice 

lim p{z) = +00 

2— >— 00 

while p{0) = — 1. Consequently, Z2 < 0, and p has only one zero in the open interval 

Using the preceding Lemma, we estimate the arcsin term in ()4.38|1 as follows. 
First, observe that 

2 + 2^^ - 3(^2 > 1. (4.41) 

This follows from the fact that y?^ < ^ip^ + |, and hence —Sip'^ > —2{p^ — 1. A 
consequence of fl4.41|) is that 

^ ^<,. 



(2 + 2(^3 _ 3^2) f 
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Therefore, x = f/{2 + 2(f^ - 3v?^)5 G [0, |] whenever (f e [0, |]. From (jOOl) we 



conclude 



arcsm 



< 



- + mo- 



(2 + 2ip^ - 3^^) y (2 + 2v93 _ 3^,2) i (2 + 2(/?3 _ 3,^2) 



3 ' 
2 



where 



mo 



/ .44 
/ arcsm ^ — 

5 5 



(4.42) 



Therefore, 

(2 + 2(/3^ - 3f^) arcsin 



(2 + 2^3 _ 3^2) 
< (2 + 2^^-3^2)5(^ + mo 



(2 + 2v9^-4(/7^)5(^ 



(2 + 2(/?3_3y,2)5 



--(2 + 2(/?=^-4^2)2¥; 



(2 + 2y?3 _ 3^2) 2 _ (2 + 2(^3 _ 4(^2)5 



whenever ip G [0, |]. For the first term above. 



(p + mo 



(2 + 2(^3 _ 3^2) 



(2 + 2(/?3 - 3(/?2)2 - (2 + 2^3 - 4(/?2 



(2 + 2ip'^ - - 


(2- 


h2(/?3 


-4(^2)1" 




(2 + 2(/?3 


-3^2)1 


+ (2 + 2(/^3_4^2)i 




i2H 


-2^3 


— 3(/)2)5 


+ (2 + 2(^3 







(2 + 2(/?3 _ 3y,2)i + (2 + 2^3 _ 4(^2)1 



On the interval [0, |], l{<^) = g+^^alg^'j is decreasing; thus (2 + 2(^3 _ 4^2^! > 
Z(|)2 (2 + 2v93 - 3v3^)2. Substituting this into the expression above. 



(2 + 2^^ - 3(^2)5 - (2 + 2^3 - 4(^2)2 < 



(l + /(|)2)(2 + 2y.3_3^2). 



Therefore, 



(2 + 2ip^ - 3ip^) arcsin 



< 



(2 + 2(^3 _ 3^2) 
1 



{2 + 2ip^ 



i + Kl) 



T + mo 



(2 + 2^3 _ 3<^2j 
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Substituting this into ()4.38|) we conclude 
where 



1 + 



- + mo 



CO = (^) 



mo 



1 / • 4 4 

1 / arcsm I — I 

_|_ / DO 

1 ~r 



< 



0.604795... 

61 



100 



To estimate I2, we begin by rewriting the integrand in 1)4.35^ : 



□ 



6 
S2 



5 

S2 



(4.43) 



where 



[S^ + 3)2 

(s^ + s — 



Differentiating, 



Since 
it follows 
Therefore, 



+ s - v?^ < + s. 



2^ {s^ + sf 
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By the fundamental theorem of calculus, 

fis) - fiv) < 



1 3 (2x + 1) , 



+ x) 



V9^(x^ + x) 



-lix= 



\x=ip 



2^ 



hence 



fis) < f{v) - 



1 



1 3 1 



21 + (^y 2^ + 
Substituting this inequality into ()4.43|) we have 



f{s)ds 



< 



1 ^2 



21 + <^ 



21 + ¥?y 2^ s{l + s 



ds + -if"" 



ds 



(4.44) 



ds. 



Both integrals in (j4.44p are elementary: 

1 ^2 



21 + ^; 



zds 



2^ 



■5 7 1 3 

^(l_,)(l + ,)3 2^ 



1 



21 + ^ 
1^ 
21 + y5 



— s^r 



^ — arcsin s 



) [a 2^^ ^ 2 



arcsm (p 



n s=l 



1 - s 



l + s 



+ arcsin s 



s=ip 



arcsm (f 



Combining the above and substituting into ()4.35p we get 



vr 1 / 1 

^ + 1 - - - arcsm 



1-^ 



arcsm 



1 + ^ 



(4.45) 



26 



where 



4 2 



arcsmyj, 



^/ X 1 /I - 1 
G((y9j = -T ~ o A/ 1 o arcsm (p. 



4 2 V l + <^ 2 



Proposition 4.2. For G [0, 1], 



/2<(-)( ^ 



7rl + (p'^l.4 lb 3 4 2 



(4.46) 
(4.47) 
(4.48) 

(4.49) 



Proof. The proof of ()4.49|1 is based on the following estimates of E,F, and G. 
Lemma 4.3. (i) For ip e [0, |], 

1 



(n)For^G[|,|] 



Proof. First, write 
where 



E{cp) < 1 + ^ip\ 



E{^) < 1 + 

- 434^ 



(l + y.)i 



(4.50) 



(4.51) 



Then 



EM = 
E2{v) - 

1 + 1 



(1 + - V5^)2 
1 

21 + ^' 



(1 + ^-^2)- 

(1 + ^)^ - (1 -(^^)^ 
(1 + V? - V92)2 



+ 1 



(l + ¥?)^ - (l + (/?-y?2)| 


(l + (/?)^ + (l + ¥?-(^2)^ 


(1 + V? - V92)2 


(l + y?)^ + (l + V?-¥?2)| 





+ 1 



(l + (^-V52)2 (l + (^)2 +(l + (^-(^2)5 



1. 
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Since (1 + ^9)2 > (1 + (p — v^^)^, we can estimate the denominator above by 
Thus, 



So 



E^{^)<-—^ ^ + 1. 



2(i + <^_<^2) 2(1 + (^) 

1+ ^ 



(4.52) 



2(l + ¥;)(l + y.-y.2) 
4 



where 



D(y.) = 2(l + y.)(l + y.-(^2). 



Differentiating, we see that D\ip) = 4 — Qip^ > for ip G [0, |]. Thus, on the interval 
[0, |] we have D{ip) > D(0) = 2, while on the interval [|, |] we have D{ip) > Z)(|) = 
y||. Substituting these inequalities into ()4.52|1 we obtain ()4.5()j) and ()4.51|1 . □ 

Lemma 4.4. For Lp E [0, |], 

^(V^) < ^ - l^'- (4.53) 
Proof. Since -F(O) = ^ and F'{ip) = — < — v^^, upon integrating we find 



F{(p)-F{0) = r F\s)ds 
Jo 



2, 



< / -s'ds 

1 



□ 



Lemma 4.5. For G [0, |], 
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Proof. When if G [0, |], by (ICTj) and (H3H|l 

4 3^ 8^ 6^ 
TT 1 o vr . 

< 09^ + 

- 4 3^ 8^ 

Since < | implies f (^^ < ^y^^ < n_^3^ follows. 
Similarly, for ip e [|, f]' by (OTll and Kfu^ 

E(,)F(,) < (l . - 

_ vr 1 3 1257r 4 125 7 
~ 4 ~ 3*^ + (4)(434)¥' - (3)(434)'^ 

< _ 1 3 _L l^^TT 4 

- 4 3*^ (4)(434)'^ ■ 
When <^ < f , (^fiiyV^^ < If V?^ < T^<^^ and once again (^3^ holds. □ 
Lemma 4.6. For G [0, |], 

G(^) < ^ - ^. (4.55) 
G'i^) = -—=J=== < 0, 

v/(i-v^)(i + v^) 

it follows that G(^) < G'(O) = f - |. □ 

To complete the proof of Proposition 14. 2| notice that ()4.49|1 follows from ()4.45|1 . 
and (P3K|1 . □ 

Combining the results of Propositions 14.11 and 14.21 we see that 

,4,, 1 , fTT ,71 1, Q ,vr Ix Q 61 o 
'^^'-'^ Wil + <I6 - 3'^ + '4 - 2)*' + 100" 



Proof. Since 



Therefore, 

TT 5 61 



4 09^ 
/l+/2-l<(-)( ^ 



It follows that Ji + /a < 1 for 9? G [0 ^ 



TT 1 + <y9'^ 

-1 

5J 



16 6 ^ 100 



< 0. 
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4.1.2 Estimate from I to 1 



When if E [|, 1], we need to use different estimates of /i and 12- First, recall formula 



7r 1 + if-^ 2 



(2 + 2lp^ - 3v9^) arcsin 



- (2 + 2(^^ -4v9^)2^ 



(2 + 2(^3 _ 3^2) 



By (imi) 

2 - 3y?2 + 2(/?3 > 1, 
and since arcsin is increasing, it follows that 



(2 + 2lp^ - 3lp^) arcsin - (2 + 2ip^ - A^"^)^^ 



. (4.56) 



To estimate I2 we use the fact that < s in the integrand in /2, so 

+ s - ip^ > + s - s^p"^ = s{s + 1- Lp^)> s^. 

Therefore, 

s^/^ds ^ s^'Ms ^ f' sds 



/ / 4 2 

Vl-s s 

"33 



1 



/ / 4 2 



Substituting this into ()4.35p we conclude 

4 1 



/, < - 



TT 1 + V - V 3 ' 3 ^ 



4 2 



(4.57) 



Combining ()4.5(jj) and ()4.57j] . and observing that l — 2{p'^ + ip^ = {1 — ip) {1 + ip — ip"^] 
we obtain 



h{^) + hiv) < H{^) = 3, 1 ^ (2 - + 2</^=^) arcsin 

71 (1 + v?'^) I 2 ^ ^ 

4 2 



+ VI - 1 -(^v 1 + <^ - <^ + 3 + 3'^ 



(4.58) 



It is elementary to estimate that -ff(|) < .9881 < 1. We will show that for ip G [|, 1], 
H'{ip) < 0, and therefore 11(99) + ^{(p) < H{ip) < 1. 
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A computation shows that 



arcsm arcsm <y9 

2(| + f) (-4¥; + 3(/^2) ^ 2^2(2 -3¥p2^2¥p3) 



v/r^(l + ¥;3) (1 + y,3) ^/r^^i + _ ^/r3^(i+y,3) 

-12^/1^ (I + f) 12v;3vT^v/l + V;-y.2 

3^2 /I I ,^3^2 



(l + y^^)^ + 



Sy/T^ 4v/r^Vl + - v;2 

3(1 + ^3) 1 + ^,3 



(4.59) 



To see that iJ' < we will estimate each line of ()4.59p . First we observe that the 
arcsin terms simplify to 

^^'^ ((^3 - 2) arcsin (4.60) 



7r(l + (^3)2 

Lemma 4.7. For ip E [|, 1], 

l( 2(| + f) 2<^ (-4(^ + 3v92) ^ 2^2 (2 -3.^2^2(^3) 



TtI yr^(l + y,3) (1 + ^3) ^/l^^l + _ ^/r3^(l + <^3) 



2 12 ^ , 

^ (- + 2v^)yr^. 

TT (1 + V?^] 3 

Proof. We begin by rewriting the left hand side as 

- n \ ^Ji^)^ 

vr - V^(l + V-^) 

where 

4 2 ^(4^-V) 72(2-3^2 + 2^3) 



3 3^ + v9-y52 yiT? 

The polynomial 4^9^ — 3(y9^ + — 2 < for ip G [0, 1]; therefore, 

if (4(y9 - 3v32^ 



V^l + - 
Next we use the inequalities 

V2 



< 1 + (v/2 - 1)(1 - ^), G [0, 1], (4.61) 

vi + 
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and 

2 - 3(^2 ^ 2(^3 < ;L + (1 - (^), e 1]. (4.62) 

To derive these inequalities, simply use the fact that a convex function lies below the 
line segment between the endpoints. It follows that 

V!(izV±M<(i^(V2-l)(l -.))(! + 

< l + V2(l-(^) + (V2-l)(l-(^)2 < l + (2y2-l)(l-99). 
Combining the preceding estimates, we obtain 

J{V^) <-^-lip + 2-ip + l + (2^2 - 1)(1 - 99) = + 2V2)(1 - (p). 



□ 



Lemma 4.8. For (p e [|, 1], 



TT 



+ ^ " ^ < -11- 



Proof. Write the left hand side as 

i2v92v/r^ 



7r(l + (^3)2 

where 



It is easy to verify that K is a concave function for < < 1, and therefore K 
lies below its tangent line at 1. A computation shows K'{1) — — |, so Ki^ip) < 
-1 + \{1 - Then K{^) < -| < -li for > |. □ 

Lemma 4.9. For </? e [0, 1], 

TT y3 (1 + 993) 1 + J - 1 + (^3 ■ 

Proof. Write the left hand side as 

TT 1 + (/?3 y 3 J 



The function | — a/1 + — is clearly convex for 93 e [0, 1], therefore it achieves 
its maximum at the endpoints, where it equals —1. □ 
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Combining the preceding Lemmas, we have the estimate 
H'{<^) < , %.. (y^-2)arcsiny?+-- -(- + 272)^/1-7^-11 



_ 4 y/T^ 
Stt 1 + 

1 

< 



7r( 



^^^3^, ^6V2^((/?3 - 2) arcsinv? + ^l-^p (4^2(1 + y^^^) - 11^^^ j 



The polynomial 4-\/2(l + v^^) — lly?^ is decreasing on [0, 1], so 

4v/2(l + (^3) _ ii<^2 < 4^2(1 + (1)3) - 11(1)2 < 2 for G [|, 1]. 

5 5 5 

Furthermore, arcsiny) > | for G [|, 1], so we have 

if '(v.) < ^^^l^sy (^5 V2^(^3 - 2) + 2 

A simple calculation shows that the polynomial ip{ip^ — 2) is increasing on [|, 1], so 
y,(y,3_2)<_ifory,G[|,l]. 

Finally, by combining the above estimates we have 

H'i^) < 1 ^3)2 - 5^2 + 2^ < for ^ G [^, 1]. (4.63) 
This completes the proof of Theorem 14.21 

□ 



4.2 n = 4 

In four dimensions our estimate of the maximal volume is based on the following 
result of the first author: 

Theorem 4.3. (fT^, Theorem B) If the Yamahe invariant Y{M'^, [g]) > 0, then 

(j2{g'^A)dvol= [ {-l\E\^ + ^R'^)dvol < A7i\ (4.64) 
Af4 Jm* 8 96 

Furthermore, equality holds if, and only if, (M"^, g) is conformally equivalent to the 
round sphere. 

To prove Theorem II. 4[ suppose g G V^{M^) {k > 3) satisfies 
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From the Newton-Maclaurin inequality it follows that 
Therefore, 

47r^ > / a2{g~^A)dvol 
>a2{S^)vol{M\g) 
= ^-vol{M\g), 

and consequently vol{M'^,g) < |7r^ = t>o/(S'^). 

Now suppose equality is attained in p.l3p . Then there is a sequence of metrics 
{gj} C r+(M4) with al^\gJ^Ag^) > al^^S^) and vol{M\ gj) ^ voliS"") = fyr^ as 

j oo. Therefore, al^"^ {gj^ Ag^) > o-l^'^{S'^), and appealing once more to ()4.fi4j) we 
have 

4vr2 > / a2igJ^Ag^)dvol 

>a2{S^)vol{M\gj) ^ Atx^ . 
Since J (T2 is conformally invariant, we conclude that 




0-2(5'^ ^Ag.)dvol = 47r^ 



for each j. By Theorem 14.31 {M'^,g) is conformally equivalent to the round sphere. 
Theorem 11.51 is a consequence of the following estimate: 

Theorem 4.4. Theorem 1) If is a smooth, compact, orientable four- 

manifold with > 0, then for any metric g of positive scalar curvature the Weyl 
tensor satisfies 

[ \W+\^dvol > {2x{M^) + 3t{M^)) . (4.65) 
Jm^ 3 

Furthermore, equality holds if, and only if {M'^^g) is conformal to a positive Kdhler- 
Einstein metric. In this case, is diffeomorphic to either S'^ x S'^, CP^ , or 
Cp2#m(-Cp2) with 3 < m < 8. 

Suppose 6+ > and g G r^(M^) {k > 3). In particular, this implies that g has 
positive scalar curvature (i.e., ai{g^^A) > 0). Combining the Chern-Gauss-Bonnet 
and signature formulas, 

27r2 (2x(M^) + 3r(M^)) = /" \W^\'^dvol + 2 [ a2{g'^ A)dvol. (4.66) 
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Combining ()4.66|) and ()4.65|) . g satisfies 

\ti^ (2x(M^) + 3r(M^)) > / a2{g-^ A)dvol. 
If we normalize g so that 

al"{g-'A) > al'\S'), 
then the Newton-Maclaurin inequahty imphes 

ar{g-^A) > ay\S% 

Therefore, 

(2x(M^) + 3r(M^)) > / a2{g-^A)dvol 
3 J 

>a2{S*)vol{M\g) 
= ^-vol{M\g), 

and it follows that 

A.(M^M)<^v^2 (2x(M^) + 3r(M^)) . 
This proves Theorem 11.51 
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